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A graph G is k-critical if it has chromatic number k, but every proper subgraph of it is (k—1)-
colorable. This paper is devoted to investigating the following question: for given k and n, what
is the minimal number of edges in a k-critical graph on n vertices, with possibly some additional
restrictions imposed? Our main result is that for every k>4 and n > k this number is at least
(k—g—l— + mﬁk—_Ti;T)) n, thus improving a result of Gallai from 1963. We discuss also the upper

bounds on the minimal number of edges in k-critical graphs and provide some constructions of
sparse k-critical graphs. A few applications of the results to Ramsey-type problems and problems
about random graphs are described.

1. Introduction

All graphs considered in this paper are finite, non-empty (having at least one
vertex), undirected, without loops and multiple edges.

For a graph G=(V,E), let x(G) denote the chromatic number of G. A graph
G is called k-critical, if x(G)=k and x(G') <k for every proper subgraph G’ of G.
In this paper we study the following basic problem and some variants of it. Given a
pair of integers k and n, how small can the number of edges in a k-critical graph on n
vertices be? For k=1,2 and 3 the structure of k-critical graphs is completely known,

they are K', K2 and odd cycles, respectively, where K* denotes a complete graph
(a clique) on 7 vertices. However, for k > 4 such a simple description of k-critical
graphs does not exist, and the above mentioned problem (as well as many other
interesting problems about critical graphs) remains open. The famous theorem of
Brooks [4] can be reformulated using the notion of critical graphs in the following
way: in a k-critical graph G all vertices have degree at least k— 1; moreover, if all

vertices have degree k—1, then G is either the complete graph K*, or k=3 and G
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is on odd cycle. Relying on Brooks’ theorem, we will always assume in the sequel
that the number of vertices in a k-critical graph G is greater than k.

Let us define the following two functions. For a pair of integers 2<s<k let
fi,s(n) = min{|E(G)| : G = (V, E) is k-critical, |V| =n,
G does not contain a clique of size s + 1}.
Also, for a pair of integers k>1, [>1 define
gk, (n) = min{|E(G)| : G = (V, E) is k-critical, |V| = n,
G does not contain an odd cycle of length less than 2{ 4 1}.
(An additional motivation for considering lengths of odd cycles in the definition
of gkt(n) will be provided later). If a k-critical graph, satisfying the restrictions
in the definition of fi ;(n) or gy (n), does not exist, we put f ((n) = oo or
gr1{n) = co. Using this notation, Brooks’ theorem gives f r(n) > (k—1)n/2,
and also frz_1(n)>(k—1)n/2 for k>4.

The problem of estimating the minimal number of edges in k-critical graphs
has been considered by Dirac in 1957 [5], who proved fk,k(n) >((k—1)n+k-3)/2.
Gallai showed in 1963 in his fundamental paper [10] on color-critical graphs that
for k>4 every k-critical graph G = (V, E) # K" satisfies |E(G)|> ((k—1)/2+ (k—
3)/(2k? —6))|V(G)], or in our notation

k—1 k-3
1 _ >
) a2 (252 4 s )
thus improving the trivial bound fg x_1(n)/n>(k—1)/2. We note that his argument
can be used also to produce lower bounds for fj ;(n) and gy ;(n) for various values

of k,l and s. (Actually, we will exploit this idea in our proofs). Since Gallai’s
paper, no further progress in finding lower bounds for fj ;(n) and g ;(n) has been
achieved.

In the present paper we improve the result of Gallai. We prove the following
theorems.

Theorem 1. Let k and s be a pair of integers, satisfying 3<s<k. Let G=(V,E)
be a k-critical graph not containing a clique of size s+1. Then

L Ifs<%, then |E(G)|2 (- 5@-2“{37?0) V(G);

9. If s> 2 then |E(G)|> (%—z(zg——f_‘%%) V(@) .
Corollary 1. fi ;_1(n)> <% +W’9_%_—17) n.

In particular, for the first non-trivial case k=4, we get f43(n)> l%n (compared
with the‘%n lower bound of Gallai).
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Theorem 2. Let k>4 and [ > 1 be integers. Let G =(V,E) be a k-critical graph
not containing an odd cycle of length less than 21+ 1. Then

L. If k=4, then |E(G)|> (2~ 2 v(G));

2. If k>5, then |E(G)|> (-’22 - ng;@%‘_ﬂ) V(G).

The rest of the paper is organized as follows. In Section 2 we introduce some
definitions and notation to be used in the sequel. In Section 3 we cite basic tools
needed for our proof. Proofs of Theorems 1 and 2 are presented in Section 4.
In Section 5 we discuss upper bounds on the minimal number of edges in a k-
critical graph and provide constructions of k-critical graphs. Finally (Section 6),
applications of Theorems 1 and 2 to some Ramsey-type problems and problems on
random graphs are given. A short note, containing only the proof of Corollary 1,
will be published separately.

2. Definitions and notation

Qur notation follows mainly the notation of two survey papers [18] and [19] of
Sachs and Stiebitz. All concepts not defined here can be found in any textbook on
graph theory.

Given a graph G=(V,E), a k-coloring of G is a mapping ¢:V(G)—{1,...,k}
such that c(u) # c(v) for every edge e = (u,v) € E(G). A graph that admits a &-
coloring is k-colorable. The chromatic number x(G) of a graph G is the minimal k&
for which G is k-colorable. A graph G is called k-color-critical (or briefly k-critical),
if x(G)=F and x(G')<k for every proper subgraph G’ of G.

We denote by w(G) the clique number of G, that is, the maximal size of a clique
(complete graph) contained in G. Also, let oddgirth(G) be the minimal length of
an odd cycle in G (if G is bipartite, we set oddgirth(G)=00). Using this notation,
we can rewrite the definitions of fi ;(n) and gg (n) so:

(2) Jrs(n) = min{|E(G)| : G = (V, E) is k-critical, |V| = n,w(G) < s};
(3) gg i (n) =min{|E(G)| : G=(V, E) is k-critical, |V|=n, oddgirth{G)>21 + 1}.

It is easy to see that if G=(V, E) is k-critical, then the degree d(v) of every vertex
veV(Q) is at least k—1. If d(v) =k —1, we call v a low vertez, otherwise v is a
high vertex. The subgraphs of G induced by the set of low vertices and the set of
high vertices are called the low-vertez subgraph L(G) and the high-vertex subgraph
H(G), respectively. We can reformulate Brooks’ theorem in the following way: a

k-critical graph G has no high vertices if and only if either G is K k, or k=3 and
G is an odd cycle.
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3. Basic tools

Our proof is based on two main ingredients: the theorem of Gallai [10], describ-
ing the structure of the low-vertex subgraph of a critical graph, and the theorem
of Stiebitz [21} about the number of connected components of the low-vertex and
the high-vertex subgraphs of a critical graph.

A maximal connected subgraph B of a graph G such that any two edges of B
are contained in a cycle of G is called a block of G. An endblock of G is a block
which contains at most one cut vertex of G. It is well known that every graph with
at least one edge contains an endblock with at least two vertices.

A connected graph all of whose blocks are either complete graphs or odd cycles
is called a Gallat tree, a Gallai forest is a graph all of*whose connected components
are Gallai trees. A k-Gallai tree (forest) is a Gallai tree (forest) in which all vertices
have degree at most k—1. Gallai {10] proved the following deep structural theorem
about critical graphs.

Theorem 3.1. If G is a k-critical graph, then its low-vertex subgraph L(G) is a
k~Gallai forest (possibly empty).

(For a somewhat simpler proof, see [19], pp. 216-217.) This theorem shows the
relevance of the restriction on the length of odd cycles in the definition of g ;(n).

The second theorem we will use is the following result of Stiebitz [21}.

Theorem 3.2. Let G be a k-critical graph. Then the number of connected compo-
nents of its high-vertex subgraph H(G) does not exceed the number of connected
components of its low-vertex subgraph L(G).

Now we can roughly describe the core idea of our proof. Let G = (V,E) be
a k-critical graph with low- and high-vertex subgraphs L(G) and H{G). Denote
nz,=|V(L(G))], ng =|\V(H(G))|, n=nr,+ny, and assume n>k. If r>1 denotes
the number of connected components of H{G), then trivially |E(H(G))| >ng—7.
Also, by Stiebitz's theorem the number of connected components of L(G) is at
least r. Now, using Gallai’s theorem, we show that the number of edges in L(G)
as a function of k, ny and r is small and therefore the number of edges between
V(L(G@)) and V(H(G)) is large, implying in turn that the total number of edges in
G is large. We present a detailed proof in the next section.

4. Proofs of Theorems 1 and 2

4.1. Number of edges in a k-Gallai forest

The first step of our proof is to bound from above the number of edges in a
k-Gallai forest with additional restrictions imposed.



MINIMAL NUMBER. OF EDGES 405

Lemma 4.1. Let k>4, s>3. Let G=(V, E) be a k-Gallai forest, not containing a
clique of size s+1. Then [E(@)|<5IV(G)]|-3.

Proof. By joint induction on the number of blocks and the number of vertices in G.
Assume first that G has only one block. According to Theorem 3.1 this block

is either a clique K7 for 1< j <s or an odd cycle of length n. In both cases the
validity of the lemma is easily checked.

Assume now that G has more than one block. If G has no edges, then the
lemma holds trivially, therefore assume FE(G) # §. Then G has an endblock B
containing at least two vertices. Define v € V{(B) as follows: if B contains a
separating vertex, let v be this vertex, otherwise choose an arbitrary vertex of
B as v. The number of blocks of the graph G’ =G|V \ (V(B) —v)] does not exceed

the number of blocks of G, while |V(G')| <|V(G)]|. Denote |V(G)|=n, |E(G)|=e,
|[V(G")|=n', |E(G")|=¢'. By the induction hypothesis

(4) e <

If B is a clique K7, where 2<j<s, we have n’'=n—j+1, ¢ =e— (%), and thus
from (4)

8
2
s ] i s, . s
=53 “iG-1)<in-
5" T ((2) 30 1)) =3"

If B is an odd cycle of length 7, then n’ =n—j+1 and ¢’ =e~j, and using (4) we get

N

s .
e=¢ +J<2n —~+J——(n—j+1)—§+1
S S E)
=55 +li-30-1) <55 '

Lemma 4.2. Let k>4, s>3. Let G=(V,E) be a k-Gallai forest not containing a
clique of size s+1. Then

2 _ 2 _ ,
|E(G)| < %{_—%W(Gﬂ _min{kﬁ s, f__;iir_%}
S S

Proof. The proof is quite similar to the proof of the previous lemma, but this time,
while considering an endblock B, we delete the whole block in the case B=K?.

We proceed by induction on the number of vertices of G = (V, E). Denote
|[V(G)|=mn, |[E(G)|=e. Let first n<s. It is easy to see that the only case to be
checked is when G is a clique K™. In this case we need to verify

(n) s2 — 3s+ 2k . { 52—3s+2k}
———n—min<k - 5, ————

(AN

2 2s 2s
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for every 1<n<s, which is true (equality holds when either n=1 and s<2k/3 or
n=s and s>2k/3).

Assume now n > s. Clearly we may assume also F(G) # 0. Let B be an
endblock of G with at least two vertices. If B has a separating vertex, let v be this
vertex, otherwise let v be an arbitrary vertex of B. Consider first the case B=K7,
2 <j<s—1. In this case we define G' = G[V\(V(B) —v)]. Let [V(G)|=n/,
|E(G")|=¢'. By the induction hypothesis

' 82—3S+2kn,

2
§% — 35+ 2k
5 < 2. U an

—min{k—s, >
s

and also n’=n—j+1, e=e— (32) . Therefore

—3s+ 2k —3s+ 2k
e=e'+<;> §§——2§L—~n'—min{k—s,—s——2—i—+—-}+<;)

2 __ 2 _
<8 35+ 2k s 35+2k}+

!
[\
»

—minlk—
n mm{ s, 7%

i
B
»

(note that by the definition of a k-Gallai forest we have s<k).

Now let B = K5. In this case we define G' = G[V \ (V(B))], n' = |V(G")|,
e/ =|E(G")|. The degree d(v) satisfies d(v) <k—1, therefore we have n’=n—s and
e'>e—(5)—((k=1)—(s—1))=e~(3) = (k—s). Assuming the induction hypothesis
(5), we derive

ege'—}-(g)-}-k-—sg

2 2
—-3s+2 + 2k
§-————~S > kn’—min{k—s,———————s 35+ 2 }+<S>+k—s
2s 2s 2

§2 — 3s+ 2k X {
= —————n—min<k— s,

5% —3s+ 2k
2s )

2s

Finally, if B is an odd cycle of length 7 > 5 (the case j =3 has already been
covered), we consider the graph G' = G{V \ (V(B) —v)]. Denoting n' = [V (G')],
¢/ =|E(G")|, we have n' =n—j+1, ¢ =e—j, and again assuming the induction
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hypothesis (5) we obtain

2 _3s+2k 2_3s+2k
e:e'—’f-j_s ot n/~m1n{k—s,s s+ } J
2s 2s
52 — 35+ 2k , 52 — 354 2k
< ———n—minck —s, ,
2s 2s
finishing the proof of the lemma. |

Note that for 3<s<k-1 one has i_—ggﬂ—k >1, therefore the results of Lemmas

4.1 and 4.2 can be rewritten in the following unified form.

Corollary 4.1. Let 3<s<k-1. Let G=(V,E) be a k-Gallai forest with w(G) <s.
. Then

S 32 — a8
5@ <min {5, =2 @) -1

One can easily check that s/2<(s?—3s+2k)/2s if and only if s <2k/3. In the
case s =k — 1 the statement of Corollary 4.1 coincides with that of Lemma 4.5 of
[10]..

The crucial observation here is the result of Corollary 4.1 is valid for each
connected component of a k-Gallai forest G, therefore we get the following

Corollary 4.2. Let 3<s<k—1. Let G=(V,E) be a k-Gallai forest with r connected
components, not containing a clique of size s+1. Then

S 82 — 08
E(G)] < min{i, —-—‘;ﬂ“} V(@) -

Proof. Let G1=(V1,E1), ..., Gr=(V;, E;) be the connected components of G. By
Corollary 4.1,

2
. [s s*—3s4+2k .
lEiISmln{é‘,T—}lVil—l, i=1,...,m
Summing the above inequalities over 1 <i<r we get the desired result. [ |

Now we treat the case when oddgirth(G) is bounded from below.

Lemma 4.3. Let k>4, 1>1. Let G=(V,E) be a k-Gallai forest not containing an
odd cycle of length less than 21+1. Then

1. If k=4 then |E(G)| < 22|V (G)|-1;

2. ifk>5 then |E(G)| < & |v(G)| - &

Proof. The proof utilizes the same idea. The difference between the cases k =4
and k>5 follows from the fact that when £>5 two cycles of G may have a vertex
in common.
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Denote |V(G)| = n, |E(G)| = e. We prove the assertion of the lemma by
induction on the number of vertices of G. If n <2+ 1 then it follows from the
definition of a Gallai forest that G is either a forest or an odd cycle of length 2/+1,
in both cases the lemma is trivially true.

Now let n>20+1. Let first k=4. If F(G)=10 we are done, therefore assume
E(G) # 0. Let B be an endblock of G with at least two vertices. If B has a
separating vertex, let v be this vertex, otherwise let v be an arbitrary vertex of B.
If B is a clique K2 (an edge), consider the graph G' = G[V'\ (V(B) —v)]. Then
clearly n'=|V(G')|=n—1, ¢’ =|E(G')|=e—1 and by the induction hypothesis

A+2 A2 20+ 2
n—1
STt Sari U <gaT

e=e +1<

7, —

If B is an odd cycle of length j > 2141, we define G’ =G[V\V(B)]. (Clearly, we may
assume that G contains blocks other than B, hence V(G')#®). Let n' =|V(G’)],
e’ =|E(G")|. Note that dg(v) <k~1=3, therefore n’=n—j and ¢’ >e—j—1 and
by induction we have

20+ 2 , m+2
n'—1+j+1

<ed+it+i<
esetyrlsory —m+1m DHIs g

thus establishing the case k=4.

Now assume k > 5. We may assume E{G) # 0. Let B be an endblock of
G with |V(B)| > 2. Define a vertex v € V(B) as in the case k =4 and consider

G' = GV \ (V(B) —v)]. Denote n' = |V(G")|, ¢ = |E(G")|. By the induction
hypothesis e/ < %—*‘l—ln’ - —2—%'1 If B=K?, then n’=n—1 and ¢ =e—1 and thus

N+l , 2+1 9+1  2A+1
= 1< - 1 —— — ———,
e=etls—mn - tl<—n-—

Finally, if B is an odd cycle of length j >2[+1, we have n'=n—j+1, ¢ =e—7 and

A+1, 241 . 2A+1  2A+1
= +j< g < -—
eSEFIS T T Ty TS T Ty "

Corollary 4.3. Let k>4,1>1. Let G=(V,E) be a k-Gallai forest with r connected
components, not containing an odd cycle of length less than 21+1. Then

1. If k=4, then |[E(G ]_‘21+1|V( N—r;

2. Ifk>5, then |E(G)| <& \V(G)| -~
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4.2. Proofs of Theorems 1 and 2

Praof of Theorem 1. Let L{(G) and H(G) be the low-vertex and the high-vertex
subgraphs of G, respectively. Denote ny =|V{L{(G))|, ng =|V{H(G))|, n=nr+tnpy.
By Brooks’ theorem ngy > 0. Let r be the number of connected components of H{G),
then |E(H(G))| = ng—r. By Theorem 3.2 the number of connected components of
L(G) is at least r. Hence Corollary 4.2 implies

E@)|= > dw) - |ELG)+|EHEG))
veV(L(G))
s s2—3s+2k

2(k——l)nL—min{E,——Q—s——}nL+r+nH—r

2
s s°—3s+ 2k
= k—92 _—mind2 222 T =% )
(6) n+< mm{z, 7 }) ny,

On the other hand,

B@I=5 3 d(v>=-§-( > odw+ Y d(v))
veV(G) veV(L(G)) veV(H(G))
1

1 k
> = — = =7 — ~Nn7.
(7) > 2((k I)ng + kng) 5" 57L

We distinguish between two cases.
1} s<2k/3.
Then (8) can be rewritien as

(8) [E(G)Izn+(k—2—§) ny.
Multiplying (7) by 2k —s—4 and adding the resulting inequality with (8) we get

(2k — s — 3)|E(G)] > (1 + (—2’3:—;—1%> n,

or

(k—-s—4k+2 [k k-2 -
E(G) 2 S5 "'(§_m>n’

2) s>2k/3.
In this case (6) looks as

nyp,=mn

2 _ . 2
9) IE(G)lzn+<k_z_f_is.+_2£> PECES T T

2s = 2s
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Multiplying (7) by (2ks—2k —s2 —s)/s and adding with (9), we get

<1+ 2ks—2ks— 5% — s) E@G)| > <1+ (2ks — 2k — 5% — s)k> n

2s
or
2s + (2ks — 2k — 5% — s)k k (k—2)s
> ={=- :
1B(@G) = 2(2ks — 2k — 52) 2 2(2ks — 2k — s?) '

Proof of Theorem 2. We use the notation introduced in the previous proof. Note
that the estimate (7} remains valid. Also,

E@)= Y d) - |ELG)|+I|EHG)
veV(L(G))
(10) 2 (k= Ung — [E(L(G))| + ng —r.
Cousider first the case k=4. In this case we have in (7)
(11) IB(G)] 2 20~ 5ny,
and from (10) and Corollary 4.3

20 +2
|E(G)| > 3ng, — np+r+ng-r

o+ 1

9% +2 2l
1 - I s P LS
(12) ”+<2 2z+1) L=nt gt

Multiplying (11) by 41/(2l+1) and adding with (12), we get

4l 81
—_— >
<1+ 2l+1> E(@)] 2 (H 2z+1> "

100+ 1 2 +1
E(@G)| > = (22T
B@ z g ( 6z+1)”’

or

as claimed.
Assume now that k>5. Then (10) and Corollary 4.3 yield

1
np+r+nyg—r

20+1 —6l—-1
(13) =n+<k—2~—l—2i—>nL=n+gl—€l——fs—l—~—n

E(@) > (k- 1)ng, — 2

2l L
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Adding (7), multiplied by (2kl{—61—1)/l, and (13) we have

(1 + 3@:761:—1) B(@)| > (1 + @—1126;;95> n,

k (k - 2)l
1B = (5 ~ 32kl — 51 — 1)) " "

or

5. Counstructions of color-critical graphs

In this section we obtain upper bounds on the minimal number of edges
in k-critical graphs. We discuss upper bounds mainly for the function fi s(n)
defined in Section 1. Some systematic ways of constructing k-critical graphs with
restricted clique number are presented. The reader is referred to the survey [19] for
additional information about constructive methods in the theory of color-critical
graphs, relevant bibliographic references can be found therein.

5.1. The Hajés construction

Let Gy =(Vi,Ey) and Go = (Va, Ep) be k-critical vertex disjoint graphs. Let
e1 ={u1,v1) € F1, eg=(ug,v2) € Fa. Denote by G the graph obtained from G; and
G9 by applying the following operations:

1. delete ey, eo;

2. identify uy and ug;

3. join v; and v by an edge.
Then G is k-critical.

Note that Hajés’ construction does not increase the clique number, that
is, if G is obtained from G; and G2 by means of Hajos' construction, then
w(G) < max{w(G1),w(G2)}. This important observation leads us to the follow-
ing consequences.

Claim 5.1. For k>3 and all m,n and s one has
frs(n+m) < fs(n) + frs(m+1) -1

Claim 5.2. For every pair k,s the limit (finite or infinite) limp— 00 fk’;(n) exists.

Proof. Follows by a standard application of Fekete’s lemma {9]. (The proof for the
case s=k—1 is presented in the monograph [11] of Jensen and Toft, pp. 100-101).
Indeed, for a fixed pair k,s denote h(n)=fy s(n+1), then from Claim 5.1

h(n+m) = fo(n+m+1) < fug(nt1)+ fis(m+1) = h(n) + h(m).
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Thus h(n) is submodular and by Fekete’s lemma the limit limp_ooh(n)/n =
limy— o0 fi,s(n)/n exists. 1

We denote ¢(k,s)=limp oo f s(n)/n.

Claim 5.3. Let 2 < s < k. If G = (V,E) is a k-critical K*-free graph, then
o(k,s)<(|E|-1)/(V]-1).

Proof. For every i>0 apply Hajds’ construction to G and G; to get Gj 1, starting
from Go=G. The ratio |B(G;)|/IV(Gy)] tends to (1E|—1)/(V|-1). i

We call a graph G=(V,E) almost K*-free if there is an edge e € E such that
every copy of K® in G (if exists) contains e.

Claim 5.4. If G=(V, E) is a k-critical almost K*t1-free graph, then p(k,s) <(|E|—
1D/(V]-1). ’

Proof. Let ¢ be an edge of G participating in all copies of K571 in G. Denote by
(G the result of Hajos’ construction applied to two copies of G, where in each copy
the edge e is chosen to be deleted. Also, for every i>0 define G;1 as the result of
Hajés' construction applied to G and G;, where in G the edge ¢ is chosen again to
be deleted. At each step ¢>1 the number of edges increases by |E|—1, while the

number of vertices increases by |V|—1, therefore lim;, H%—g%% = {—5—1—:—1— |

Corollary 5.1. p(k,k—1)< % - Tc_—l-l

Proof. Set G=K¥* and apply the above claim.

5.2. The Gallai construction

This construction invented by Gallai in [10] generalizes the construction of
Hajés. Actually, we will use some particular case of it, suitable for our purposes.

Let k>4, g>2 and k> 2g~1. Let G1,...,G be k-critical vertex disjoint graphs
such that for every 1<i<q the graph G; contains a clique 4;={v},...,v7} of size
q. A graph G is obtained from G1,...,G4 by performing the following operations.
1. for 1<i<q, delete all edges between vg and v{, where 1<j<g—1;
2. for 1< 5<qg—1, identify the vertices v{,..‘,vg;
3. for all 1<i <4’ <q join vf and vg, by an edge.

Then G is k-critical.

The Hajés construction arises when g=2.

How can we use Gallai’s construction for obtaining k-critical K°-free graphs?
Let 2<g<s<k and let G be a k-critical graph, in which there exists a g-clique A
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such that every copy of K* in G contains an edge from A. Our aim is to construct
a k-critical graph G’, in which there exists a (¢g—1)-clique A’ such that every copy
of K% in G’ contains an edge from A’ (thus, is ¢ = 2 the graph G’ will be K*-
free). To perform this task, we take g vertex disjoint copies of G and apply Gallai’s
construction with G;=G and A4;=A. (For g=2 we have already used this idea in
Claim 5.3). This process can be performed iteratively to obtain a K®-free graph.
To initiate the above described iterative construction we need graphs to start
with. Assume that &£ >4 and s+1<k <2s—3 and denote g =k —s+ 1. Define
now a graph G =Gy, 5 as follows. To build the low-vertex subgraph L(G), take a
clique A={v1,...,vq+1} of size g+1. Now take ¢+ 1 vertex disjoint (s—2)-cliques
A1,...,Ag41 and for every 1<i<g+1 join v; completely to V/(A;). The high-vertex
subgraph H(G) is a clique K?. In addition we join every vertex of H(G) with every
vertex of Ugill V(A;). The graph G can be checked to be k-critical (for example,
G can be obtained from L(G) using the construction K of Sachs and Stiebitz - see,
e.g., [19], and thus is k-critical) and every copy of K° in G contains an edge from
This construction combined with Claim 5.4 can be used to get upper bounds
for @(k,s) for some values of k and s. In particular, it gives ¢(k,k—2) < % +.—312—"_%
for k£ > 5. In the next section we present a different construction, using graphs

obtained by means of Gallai’s construction as the starting point and enabling in
particular to improve the above bound for w{k, &k —2).

5.3. The Toft construction

This rather simple construction, which is a particular case of a much more
general construction of Toft ([22], Th. 2) airus to build a k-critical graph from
(k — 1)-critical and k-critical graphs. It is particularly suitable for maintaining
(almost) K*-freeness.

Let k>3 and let Gy = (Vi,E1) be a k-critical graph and G = (V3,F2) be a
(k —1)-critical graph, and let e* =(uj,us) be an edge of G1. Denote by G=(V,E)
the graph obtained from (1 and G by applying the following operations.

1. delete e*;

2. partition V5 into two non-empty parts Uy and Up;
3. join the vertex uy completely to Uy and the vertex ug completely to Us.

Claim 5.5. G is k-critical.

Proof. The proof can be found (in an implicit form) in the paper of Toft [22]. We
present it here mainly for the sake of completeness of presentation.

Let us first prove that x(G)>k. Suppose to the contrary that G has a (k—1)-

coloring ¢: V' — {1,...,k~1}. Then clearly c(ui)=c(ug) (otherwise G1 would be
(k—1)-colorable). Without loss of generality assume c(u1) =c(u2) =k —1. Every
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vertex of Vo is connected to either uy or ug, hence c(v) # k—1 for every v € Vs.
Thus the colors of the vertices of V5 in ¢ lie in {1,...,k —2}, implying that G is
(k—2)-colorable - a contradiction.

To establish the claim we need to prove that G is k-critical. It suffices to show
that x(G —e)<k—1 for every e€ E(G).

Case 1: e€ E(Gy).

The graph Gy —e is (k—1)-colorable. Let ¢;: Vi —{1,...,k—1} be a (k—1)-
coloring of G1 —e. Then obviously ¢1(u1) # ci(ug). Without loss of generality
assume ¢j(u1)=k—1 and c1(ug)=k—2. The graph G is (k — 1)-critical, then Gy
is connected and, in particular, there exists an edge e; = (vy,v9) such that vy € U3
and vg € Up. Let ¢3: Vo —{1,...,k—2} be a (k—2)-coloring of Gg —ej such that
ca(v1) =ca(v2) =k —2 (such a coloring exists due to criticality of G3). Define now
a mapping ¢:V —{1,...,k—1} as follows:

cl(v), v €V,
c(v) = ¢ cz(v), either v € Uy or v € Up and ca(v) # k — 2,
k-1, velU;and ca(v) =k —-2.

Then c(v1)=k—2,c(v2) =k—1, and c can be easily seen to be a (k— 1)-coloring of
the whole graph G.
Cuase 2: e connects a vertex of Vo with uy or uo.

Assume that e = (vy,u1), where v1 € Uy (the case e = (v1,up) with v; € Uy is
treated quite similarly). Let ¢1: V3 —{1,...,k—1} be a (k—1)-coloring of G1 —e*
satisfying ¢1(u1) = e1(ug) = k—1. The graph Gy is (k — 1)-critical, hence there
exists a (k—2)-coloring cg: Vo \ {v1} — {1,...,k — 2} of G2[V, ~v1]. Define now
c:V—{1,....,k—1} by

ci(v), veWV,
c(v) = § c2(v), veVa\{u},
k-1, v=w;.
Then c is a (k—1)-coloring of G.

Case 3: e=(v1,v3), where vi,v9 € Vs,

Let ¢1: V1 —{1,...,k—1} be a (k—1)-coloring of G; —e* with ¢ (u1)=c1(uz)=
k—1. There exists a (k— 2)-coloring ¢z : Vo — {1,...,k —2} of G; —e. Define
c:V—={1,....,k—1} by

_ cl(v), vEVl,
o) = {Cz(v), veVy,

then ¢ is a (k —1)-coloring of G. 1

The following observation plays an important role in our arguments.
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Claim 5.6. Suppose that G is almost K*-free and e* participates in all copies of
K® in Gy. Suppose further that Gg is almost KS-free and Ga[Ui], Go[Us] are

K5 Y free. Then G is almost K*-free.

Proof. Indeed, the deletion of e* destroys all copies of K* in G7. Also, since Gg[U1]

and Go[Us] are K3 1-free, the subgraphs G[U;U{u1}] and G[UaU{uz}] are K*-free,
implying that G is almost K*-free. [ |

We remark that a partition Vo = Uy UUy, for which Ga[U;] and Gg[Us] are
K5~ free, exists in particular if [(k—1)/2] <s—1, in this case this partition can
be built by partitioning the color classes of a (k—1)-coloring of G2 into two subsets

of colors, one consisted of [(k—1)/2] colors, and the other one consisted of the
remaining | (k—1)/2] colors.

Claim 5.7. Let k>3, s>3. If G=(V,E) is a (k—1)-critical almost K*-free graph
such that there exists a partition V =UyUUy for which G[U1] and G[Us] are K5~ *-
free, then

3 |E|+[V]-1
olk,s—1) < —————lvl .

Proof. Take Hy to be any k-critical almost K3-free graph and for every ¢ >0 apply
the above described construction with G1=H; and Ga=G to get H; 1, each time
preserving almost K*-freeness, increasing the number of edges by |F|+|V]|—1 and
the number of vertices by |V|. Finally, use Claim 5.4. 1

To apply Claim 5.7, we can use the construction of Gallai to get a (k—1)-critical
almost K3-free graph, as described in the previous subsection. This approach yields
in particular the following results.

Theorem 3.
1. ga(k,k——2)§%——]5i—l for k> 4;
2. p(k,k—3)<k+3=1 for k>6;
3. p(k,k—4)<k4 3E=104 for > 38,

Proof. 1) For k>5 take G=K*~! in Claim 5.7. For k=4 we should be a bit more

careful. In this case it is easy to see that G'=K?3 can be used to run the iterative
procedure of the proof of Claim 5.7, this is due to the following argument: if Gy

is a four-critical almost K3-free graph with e* being an edge participating in all
copies of K in G1 and Gy = K3, then for any non-trivial partition V (G2)=U;UUs
the application of the construction of this subsection produces again a four-critical
almost K3-free graph.

2) Let G; = K*%1 and let G5 be the result of Hajés’ construction applied to
K*=2 and K*=2, Choose any edge e* = (u1,u3) € F(G1) and apply the construction
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of this subsection to i1 and (9, using a partition V(Ga)=U;UU3 for which Ga|U1]

and Gg[Us] do not span a copy of Kk=3 (this can be done because Gy is (k —2)-
colorable). This way we get a (k — 1)-critical graph G, which can be easily seen

to be almost K*~2-free (any edge of G with both endpoints diﬁeren‘c from uy,us

participates in all copies of K*=2 in @). The number of vertices.of G is 3k — 6, its
number of edges is 3k(k—3)/2, and the application of Claim 5.7 implies the desired
result, |

3) Start with the graph Gg_; 3 described in the previous subsection, it has

4k — 13 vertices and 2k® — 6k — 11 edges. Apply the Gallai construction to three
disjoint copies of G as suggested in the same subsection, this gives a k — 1-critical

almost K*~3-free graph G’ with 12k — 43 vertices and 6k2 — 18k — 38 edges. Now
apply Claim 5.7. i

In particular case k¥ = 10, s = 8 Schonheim conjectured (see, e.g., [11], p.

100) that every ten-critical K9-free graph G on n vertices has more than 5n — 11
edges. According to our result ©(10,8) <44/9, thus disproving the conjecture of
Schonheim.

6. Applications

In this section we present some applications of the lower bounds on the number
of edges in color-critical graphs, obtained in Theorems 1 and 2. Tt is important to
stress that we do not attempt here to get the most comprehensive results, instead,
our aim is more instructive. We are pretty sure that many further applications of
the results of this paper are still to be found.

All three problems we are going to treat in this section have a probabilistic
flavor, thus either a question itself is formulated in probabilistic terms or we tract
it using random spaces of discrete objects. Actually, in all three problems we will
make use of the concept of a random graph. The reader is referred to the book [2] of
Bollobés, devoted entirely to this topic, and also to the monograph [1] of Alon and
Spencer, covering the probabilistic method and its applications to combinatorics.

Throughout the section we will omit in many places floor and ceiling signs for

the sake of simplicity of presentation. Symbols cy,co,... are used as generic names
of constants, taking possibly different values in different places. '

6.1. A lemma about random graphs

The first two applications we will present rely on the lemma about random
graphs proven in this subsection. In order to formulate the lemma we introduce
some notation.
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As usually, G(n,p) denotes a random graph on n labeled vertices, in which
all edges are chosen independently and with probability p, where p may depend
on n. For a graph H = (V,E) with at least three vertices the density p(H) is
p(H)=ming —v g mrcu(lEl - 1)/(V]- 2) ‘Given a family o= {Hy,...,H;} of
fixed graphs, each having at least three vertlces, let p(#0)=ming<;<¢ p(H;) denote
the density of .

Lemma 6.1. Let #o={Hq,...,H;} be a family of fixed graphs, satisfying |V (H;)| >
3 for every 1 <i<t. Let p(#y) denote the density of #y and assume p(#p) > 1.
Then there exist positive constants C=C(#q) and c=c(#) such that if probability

p satisfies In?n/n <p< en=Y/Po) | then a random graph G = G(n,p) whp! has
the following property: if H is any maximal by inclusion family of pairwise edge
disjoint subgraphs of G, each isomorphic to one of the graphs from #, then after
the deletion of all edges of all subgraphs from H, the resulting subgraph Ggo on n
vertices does not contain an independent set of size [C'lnn/p].

Note that after the deletion of the edges of subgraphs from H, the graph Gg
is #o-free (that is, G does not contain a copy of any graph from #g). Thus, as
pointed in [14], where the lemma is proven implicitly for the case t=1, this lemma
yields the best known lower bounds for the off-diagonal Ramsey numbers R(r, k)
for every fixed r>4.

Proof of the lemma. The lemma is proven using the approach based on large
deviation inequalities.

For every 1<i<t set v;=|V{(H;)|, fi=|E(H;)]. Set also

Fmin =min{f; : 1 <1 <t}

fmaz =max{f; : 1 <i <t}

Let no=[Clnn/p]. For every subset Vo CV of size |Vp| =ng let Xy; be the random
variable, counting the number of edges of G, spanned by Vp. Also, denote by Yy,
the number of subgraphs of G, each isomorphic to one of the graphs from # and
having at least one edge inside Vp, and by Zy; the maximal number of pairwise
edge disjoint subgraphs of G, each isomorphic to one of the graphs from #g and
having at least one edge inside Vj. Clearly, Zy, <Yy,. Denote by Ay, the event
X Vo > f maz ZV{J .

Claim 6.1. If Ay, holds for every Vo CV of size |Vp|=no, then G has the property
stated in the formulation of the lemma.

Proof. Let H be a maximal under inclusion family of pairwise edge disjoint
subgraphs of G, each isomorphic to one of the graphs from #g. Deletmg all edges
of all subgraphs from H, we clearly obtain an #p-free graph Gy on n vertices. For

1 An event &, happens whp (with high probablhty) in G(n,p) if the probability of &n tends
to 1 as n tends to infinity.
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a subset Vo CV of size |Vp|=np, denote by Hy; the subfamily of H, consisting of
all subgraphs from H, having at least one edge inside V3. From the definition of
Zy, it follows that |Hy, | < Zy,. While deleting the edges of the subgraphs from H

we delete at most fraz|Hy,| < fmaz Zy;, edges from E(G[Vp]), hence the subgraph
Gp has at least one edge in each subset Vy of size |Vg|=np. 1

Now our aim is to show that under appropriate choice of constants C and c one
has P[Ay;|=n, Avp]—1 as n—co. To this end, we show that the random variables

Xy, and Zy;, are highly concentrated around their expectations and if the ratio

EXv, [ fmazE Zv, is sufficiently large, then the probability P{Ay;] is exponentially
small, implying in turn that the probability of the existence of a set Vj, for which

Ay, holds, tends to zero.

The random variable Xy, is binomially distributed with parameters (”20) and

p, therefore EXy, = (nQO)p, and well known estimates on the tails of binomial

distribution due to Chernoff (see, e.g., [1], Appendix A) assert that for every
0<ax<l

(14) PXy,<(1-a) (1120)}7] < e (/2.
Now we turn to bounding the upper tail of Zy;. The random variable Zy; is
tightly connected with another random variable Yy, .

i y]
Claim 6.2. P[Zy, >j]< (ES;‘,/ i < (3E;/V°) for every natural j.

Proof. This is a particular case of the general result of Erdds and Tetali [8] (see
also Lemma 4.1 of Ch. 8 of [1]). 1

Let us write Yy, =Yy, 1+...+ Yy, 1, where Yy ; is the number of copies of H;
in G, having at least one edge in E(G[Vp]). Representing Yy, ; as a sum of indicator
random variables, we get '

ng\ (n—2 )
B¥ige < (15 ) (175 e
1

<ein (”;)p (nl/P(.?fo)p) fi1 ,

where ¢; 1 >0 is a constant depending only on H;. Hence, assuming that c<1 we

fmi'n -1 -
have EYy, <c1("9)p (nl/ p(#o) p) for some constant ¢j =c(#¢) >0 and thus

EYVO 1/ (}t’ fmin_l
< p(#o) .
(15) EXy, = (” p)
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The above ratio can be made smaller than any fixed constant by choosing ¢ to be
sufficiently small.

Now, by (14) with «=1/2 and Claim 6.2

R EXy EXy,
P[AVO] = P[XVO < fma:cZV0] < P [XVO < Ol + P [fmamZVU > 5 0:!
EXvy,
3EY 2fmax
—(™0)p/8 Vo
<e ( 2 ) -+ Xy
2fmaz
EYq
. no\ o (6 fmas EXL) /g
_eXP{—(2)p/ }+eXp T (2 P

ngp
_ o~ (140(1)

n
for ¢ sufficiently small (see (15)). Then using the inequality (TZ) )< (ﬂ‘-> ® we have

o

no a2
PV : Avi) < (:)pm—v;} < (ﬂ> o2 (1o(1))
0

no
en _ngp no crent=1/p000) _cian o
_ <_e— o (1+o<1))) _ (.1___6—T<1+o<1))) _
L] Clnn
Choosing a constant C to be sufficiently large we ensure that P[/\IVO [=no Ayl —1
as n—ca. |

6.2. Locally three-colorable graphs with high chromatic number

Following Erd6s [6], define a function f(m,k,n) as the largest possible chro-
matic number of a graph G on n vertices in which every induced subgraph on m
vertices is k-colorable. The most studied case is when k=2, in this case f(m,2,n)
is the maximal chromatic number of an n-vertex graph G with oddgirth(G) > m.
Kierstead, Szemerédi and Trotter have proven in [12] that for every fixed [ there

exists a constant ¢; so that if G is a graph on n vertices with oddgirth(Q) >enl/!,

then x(G) <1+1, thus showing f(clnl/f,z,n) <1+1. They also noticed that this
bound is tight up to a constant factor, that is, for every fixed | there exists a graph
G on n vertices with oddgirth(G)>nl/!, but x(G)=142, they referred in their pa-
per to the constructions of Gallai, Lovdsz and Schrijver. Recently, Youngs [23] gave
a construction of a graph G on n vertices with oddgirth(G)>2/n and x(G)=4.
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However, for every fixed k > 3 the problem of estimating f(m,k,n) remains
more or less completely open. Here, aiming to illustrate the applicability of our
results, we treat the particular case m =+/n, k=3. We obtain a lower bound for
f(v/n,3,n) by proving the following

Theorem 4. Let € >0 be a constant. For every sufficiently large n there exists a
graph Gy on n vertices, in which every induced subgraph on at most /n vertices

is three-colorable, but x(Gg) >n8/31-¢,

Corollary 2. For every fixed € > 0 and sufficiently large n one has f(y/n,3,n) >
6/31—¢
n .

Proof. Fix a constant 0 < &’ < & and consider a random graph G(n,p), where

p= n=25/31-¢  Oyr program is as follows: we pick any maximal by inclusion
family H of pairwise edge disjoint cycles of length three or five and delete the edges
of subgraphs composing it, thus obtaining a graph Gp with oddgirth(Go) > 7. Every
t <+/n vertices of G (and therefore of Gy) span almost surely a small number of
edges, and thus by applying Theorem 2 we will prove that every subgraph of Gy
on +/n vertices is three-colorable. Also, by Lemma 6.1 the deletion of the edges of

H whp does not increase drastically the independence number of G, implying that
x(Go) is still high.

Let us first prove that whp for every 4 <t <\/n every subset Vo CV(G) of size
|Vo| =t spans less than 31¢/19 edges. Indeed, the probability that this is not so can
be bounded from above by

31t
ﬁn(é)gu\/ﬁente-t;— gm\/E N
g )r <2 (7) () p <X (amips)
t=4 19 t=4 9 t=4
Vv Vv
5 t t
=3 (e BEEE) < 3 (0B = oy
t=4 t=4

Now we define #={C?3,C%}, where C* is a cycle on i vertices, clearly p(#p)=4/3.

According to Lemma 6.1 with p:n”%/?’l“sl and # as defined above, the graph
Gy, obtained from G by deleting any maximal by inclusion family H of pairwise edge
disjoint copies of C3 and C®, is Hg-free and whp contains no independent set of size
[Clnn/p] = [Cn25/31+¢ lnn] < n28/31+¢ implying trivially that x(Go) > nb/3l—¢
On the other hand, Gy does not contain cycles of length three and five and whp
for every t satisfying 4 <t < /n every t vertices of it still span less than 31t/19
edges. Fix one such graph Gg. Then by Theorem 2 Gg does not contain a four-

critical graph on at most 1/n vertices, hence every subgraph of Gg on \/n vertices
is three-colorable, establishing the theorem. ]



MINIMAL NUMBER OF EDGES 421

It is worth noting that applying the same method combined with the trivial
bound on the minimal number of edges in a four-critical graph (| E(G)| > 3|V(G)!/2)

yields the bound f(,/7,3,n)>n1/67¢ for every fixed £ >0.

6.3. Local and global independence numbers

Our second application addresses the relation between local and global inde-
pendence numbers. .

Let m, n, r, s be integers satisfying » <m <n and s <n. Using the arrow
notation introduced by Rado, we write (m,r)— {(n, s) if every graph G on n vertices,
in which every m vertices span an independent set of size 7, contains an independent
set of size s. The question is, for given m, r and s, to determine the minimal possible

“value of n for which (m,r) — (n,s) holds. One should note that the above defined
problem covers many well known problems in Ramsey theory. For example, it is
easy to see that if r=2 then there holds (m,2)— (R(s,m),s), where R(s,m) is the
corresponding Ramsey number, thus for this case the determination of the minimal
n, for which (m,2) — (n,s) holds, reduces actually to the determination of the
off-diagonal Ramsey numbers—a well known and seemingly difficult task.

The case of fixed » and s and growing m has been considered by Erdés and
Rogers [7], Bollobéds and Hind [3], and Krivelevich [13], [14]. Here we concentrate
on the case where both m and r are fixed and s grows. This case has been studied
by Linial and Rabinovich in [15]. In order to obtain negative type results (that is,
results of the form (m,r)+ (n,s)) they used the Lovdsz local lemma together with
the Turan theorem.

Here we present a somewhat different approach, combining our Lemma 6.1

and Theorem 1. To illustrate it, we chose the case m =20, » = 5. For this case
39
Linial and Rabinovich showed (20,5) 4 <C’ ( - ) 1 ,s) for some absolute constant

logs

€ >0. Our improvement is based on the following

Claim 6.3. If H = (V,E) is a graph on 20 vertices that does not contain an
independent set of size five, then H contains a subgraph Hy for which p(Hp) > 33/14.

Proof. If H contains a copy of K* then we are done, therefore assume that H

is K*-free. Since H does not contain an independent set of size five, it satisfies
x(H)>5. Let UCV, |U|=my, be such that Hy= H|U] is five-critical, then by
Theorem 1 |E(Hp)| > [-lszmo], implying

p(Ho) > [

A routine checking of all possible cases shows that the above expression is minimal
when mo=16, in this case p(Hp)>33/14. |
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Note that a direct application of Turdn’s theorem, as was done in [15], gives
ouly p{H)>39/18.

Now let #g be a family of all graphs Hp on at most 20 vertices satisfying
p(Hp) > 33/14, then clearly p(#o) > 33/14. Applying Lemma 6.1 with #; as
defined above and p=cn"l4/ 33 for sufficiently small constant ¢ >0, we show that
there exists a graph G on n vertices in which every subgraph on at most 20 vertices
has density less than 33/14 (and thus by Claim 6.3 every subgraph on 20 vertices
contains an independent set of size five), but Gy does not contain an independent

set of size [Cn'4/33logn] for some absolute constant C > 0. Therefore, we have
proven

Theorem 5. There exists an absolute constant C >0 such that

(20,5) £ (c (1023)% ,s) .

6.4. Sharp concentration of the chromatic number of G(n,p)

Our last application has a purely probabilistic formulation. Fix a function
p = p(n) for probability p and consider a random graph G(n,p). Let X be the
random variable equal to the chromatic number of a graph G, drawn from G(n,p).
Our aim is to establish results about the concentration of X, that is, to show that
there exist functions u(n) and §(n) such that

Plu(n) <x(G) <u(n)+86(n))=1- o(1),
as n tends to infinity, of course, our gdél is to find 8(n) as small as pdssible. If
the above inequality holds for some §(n), we say that x(G) is concentrated in width
8(n) for this value of probability p.

A breakthrough in this problem has been achieved by Shamir and Spencer
[20]. Their approach is based on using martingales. In particular, they succeeded

to prove {[20], Theorem 2(ii}) that for every fixed 0.5<a<1 and p=n"%, x(G) is
concentrated in width & where & is the minimal integer greater than (2a+1)/(2a—1),
implying that for every fixed 0.5 <a <1 x(G) is concentrated in some fixed number
of values. One should note that their approach yields actually a slightly better
result, namely, for every fixed 0.5 < a <1 and p=n"%, x(G) is concentrated in
width k, where k is the minimal integer satisfying k> 2/(2a--1). (See, e.g., Theorem
3.3 of Chapter 7 of [1]). In particular, if &>5/6, then x(G) is concentrated in four
values (k=3). A further step was done by Luczak [16] who showed that if @>5/6,
then x(G) whp takes one of two consecutive values. The main idea of Luczak’s
proof can be used to show that if a>3/4, then x(G) is concentrated in three values,
but unfortunately his method seems to break for every o> 3/4.
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Here we improve the results of Shamir and Spencer, combining their approach
with results of Theorem 1. We give quantitative bounds on the width of the
concentration interval for every fixed 0.5<a<1 and p=n"%.

Lemma 6.2. Let a,c be fixed. Consider a random graph G(n,p), where p=n"%.
Then
1. if a>9/11, then whp every subgraph of G on c\/n vertices is three-colorable;
2. if a>25/34, then whp every subgraph of G on c\/n vertices is four-colorable;
3. for every k25, ifa > -21——!— ’%_EEZTS—Z’ then whp every subgraph of G on c\/n
vertices is k-colorable.

Proof. The difference between our argument and the argument of [20] is that we
exploit the fact that a random graph G(n,p) whp does not contain large cliques.
1) a>9/11.
The expectation of the number of copies of K* in G is O(n*p%) =0(1), hence
by Markov’s inequality G whp does not contain K 4,

Suppose to the contrary that there exists a set U C V{(G) of cy/n vertices
spanning a subgraph which is not three-colorable. Consider a four-critical subgraph
Gy of G with veetex set Vp, where V3 CU. Denoting |Vp| =t and assuming that
G is K%-free, we have from Theorem 1 that Vj spans at least 11%/7 edges® The
probability of the existence of such a subset can be bounded from above by

SO S ()

t=4 7 t=4 T
A 1le 4\t evn 1l 2\1
Z (clnl”Tﬁ) < Z (cznl_—7—n?)' = o(1),
t=4 t=4
as claimed;
2) a>25/34.

Note that again whp G(n,p) is K 4_free. Applying the same argument as above
and using the estimate f5 3(t)>17¢/8 from Theorem 1, we get that the probability

of the existence of a subgraph on c\/7 vertices which is not four-colorable is at most

C\/TY (é) 176 C\/T 1__1:,2 9 "
> i )P e < (Cln 8 t8>
t=5 8 t=5
ev/n
t
< Z (cznl"%n%> = o(1);
t=6

1 2k—5
3) a> 5+ g
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In this case G(n,p) whp is K°-free, therefore using the estimate on Frr1,4(t)

from Theorem 1, we obtain that the probability that there exists a subset of cy/n
vertices violating the lemma assertion is at most

e/n t
> (n>< k1 (2)k—1 )p(%_%)t
i1 N (—Jf‘ - 4k-—10> t
e/n _ _ :
< Z (Clnl—(&;}i"@%}ﬁ)at!@_l—&—}o‘l)
t=k+1
ce/n _ B ;
< 3 (et (R (8 ) o) .
t=k+1

Theorem 6. Let p=n~%, where a is fixed. Let G=G(n,p). There exists a function
u=u(n,p) such that whp
u < x(G) < x(G) +k,
where
1. k=3 for a>9/11;
2. k=4 for a>25/34; -

3. for «<25/34, k is the least integer satisfying o> %-i— ﬁ%ﬁ

Proof. We exploit a key idea of the proof of Luczak [16], who attributes it to Frieze
(see also [1], Ch. 7, Th. 3.3).
Let >0 be arbitrarily small and let u=wu(n,p,z) be the least integer for which

Px(@G)<u] >e.

Now define a random variable Y =Y (G) to be the minimal number of vertices that
should be deleted in order to make G u-colorable. It is easy to see that Y satisfies
the vertex Lipschitz condition (that is, if G and G’ differ at only one vertex, then

Y (G) ~Y(G")| £1), therefore we can apply the vertex exposure martingale (see,
e.g., [17], or [1]; Ch. 7, for information about martingales and their applications to
random graphs). Denoting p1=EY, we get for every A>0

(16) PIY <p—Mm) < e V72,
(17) PIY > p+ MWa| < e /2,

Let A satisfy N2 = g, then these tail events have probability less than €. On
the other hand, from the definition of u we have P[Y =0]>¢c. Hence (16) implies

p<Ay/n. Now, applying (17) we get
PlY <2A/n] < P[Y <p+M/n}<e.
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Thus, with probability at least 1—¢ there is a u-coloring of all but at most 2\\/n
vertices of G. By Lemma 6.2, with probability at least 1—¢ these Ay/n vertices can
be colored by at most k new colors, giving a u-+ k-coloring of G. The minimality
of « guarantees that with probability at least 1 —e at least u colors are needed to
color G. Summing the above, we obtain

Plu< x(G) <u+k]>1- 3.
Taking e to be arbitrarily small we get the desired result. [ |

Remark. Very recently, N. Alon and the author proved that for every constant
a > 0.5 the chromatic number of G(n,n™%) whp takes one of two consecutive
values, thus extending the result of Luczak [16]. The proof uses ideas different from
those presented above.

Acknowledgement. The author would like to thank the referee of the paper for
his/her careful reading and many helpful comments and in particular for pointing
out that the construction of Section 5.3 is actually due to Toft.

References

(1] N. ALoN and J. H. SPENCER: The probabilistic method, Wiley, New York, 1992.

(2] B. BoLLOBAS: Random graphs, Academic Press, New York, 1985.

(3] B. BorLLoBAs and H. R. HIND: Graphs without large triangle-free subgraphs, Dis-
crete Math., 87 (1991), 119-131.

4] R. L. BROOKS: On colouring the nodes of a network, Proc. Cambridge Phil. Soc.,
37 (1941), 194-197.

i3] G. A. DIRAC: A theorem of R. L. Brooks and a conjecture of H. Badwiger, Proc.
London Math. Soc. 7 (1957), 161-195.

[6] P. ERDOS: Some new applications of probability methods to combinatorial analysis
and graph theory, Proc. 5th S.E. Conf. in Combinatorics, Graph Theory and
Computing, (1974), 39-51.

(71 P. ERDOs and C. A. ROGERS: The construction of certain graphs, Canad. J. Math.,
14 (1962), 702-707.

(8] P. ErRDGs and P. TETALL: Representations of integers as the sum of k terms, Random
Struct. Alg., 1 (1990), 245-261.
[9) M. FEKETE: Uber die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen
mit ganzzahligen Koefficienten, Math. Z., 17 (1923), 228-249.
10l T. GALLAI Kritische Graphen I, Publ. Math. Inst. Hungar. Acad. Sci., 8 (1963),
165-192.
[111 T. R. JENSEN and B. TOFT: Graph coloring problems, Wiley, New York, 1995.

(121 H. A. KIERSTEAD, E. SZEMEREDI and W. T. TROTTER: On coloring graphs with
locally small chromatic number, Combinatorica, 4 (1984), 183-185.



426

(13]

(14]

[15]

{16]

[17]

(18]

(19]

(20]

[21]

MICHAEL KRIVELEVICH: MINIMAL NUMBER OF EDGES

M. KrivELEVIcH: K®-free graphs without large K'-free subgraphs, Combinat.,
Probab. Comput., 3 (1994), 349-354.

M. KRIVELEVICH: Bounding Ramsey numbers through large deviation inequalities,
Random Struct. Alg., 7 (1995), 145-155.

N. LiNnIAL and YU. RABINOVICH: Local and global clique mumbers, J. Combin.
Theory, Ser. B, 61 (1994), 5-15.

T. LUCZAK: A note on the sharp concentration of the chromatic number of random
graphs, Combinatorica, 11 (1991), 295-297.

V. D. MILMAN and G. SCHECHTMAN: Asymptotic theory of finite dimensional
normed spaces, Lecture Notes in Mathematics 1200, Springer Verlag, Berlin and
New York, 1986.

H. SacHs and M. STIEBITZ: Colour-critical graphs with vertices of low valency,
Annals of Discrete Math., 41 (1989), 371-396.

H. SAcHS and M. STIEBITZ: On constructive methods in the theory of colour-critical
graphs, Discrete Math., T4 (1989), 201-226.

E. SHAMIR and J. SPENCER: Sharp concentration of the chromatic number of random
graphs Gp p, Combinatorica, 7 (1987), 124-129.

M. STIEBITZ: Proof of a conjecture of T. Gallai concerning connectivity properties
of colour-critical graphs, Combinatorica, 2 (1982), 315-323.

i22] B. TorT: Color-critical graphs and hypergraphs, J. Combin. Theory, Ser. B, 16

(1974), 145-161.

[23] D. A. YouNGs: 4-Chromatic projective graphs, J. Graph Theory, 21 (1996), 219—

227.

Michael Krivelevich

Department of Mathematics,

Raymond and Beverly Sackler

Faculty of Eract Sciences,

Tel-Aviv University,
Tel-Aviv, 69978 Israel
krivelev@math.tau.ac.il



